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In the nanocylinder, a cut-off from the molecular crystal, dielectric permeability tensor is investigated.
Excitons in the nanocylinder arise due to the exciting of the electron subsystem of the molecule. In evaluation
of dielectric permeability Dzhyaloshinskii-Pitaevskii approach is used, connected with retarded and advanced
exciton Green’s functions and correct use of Paulion Green’s function. It turned out that refraction and absorption
indices depend on configuration coordinates, having maximal values at boundary cross-sections and minimal value
at central cross-section of the nanocylinder broken symmetry structure. Although it was expected that boundary
conditions make higher refractive and absorptive characteristics of the nanocylinder, this appeared not to be
possible because Paulion Green’s function is not proportional to the exciton concentration.

PACS numbers: 78.20Ci, 78.40Me

1. Introduction

Our goal is to investigate dielectric permeability ten-
Sor €43, as well as tensors of nonlinear polarization of the
nanocylinder. In nonlinear optics, the vector of electrical
induction D is the series of different degrees of electri-
cal field components. The coefficient in the first term of
this series is dielectric permeability tensor, while in other
terms appear higher tensors of third range, fourth range
etc.

The idea of Dzyalosinski and Pitaevski [1], for equat-
ing the phenomenological value of the vector potential
from Maxwell’s equations with its nonequilibrium aver-
age value, is the bridge connecting optical phenomenol-
ogy with micro characteristic of molecular crystals. The
micro characteristic of crystals enters the retarded and
advanced Green’s functions of excitons [2]. In the case
of excitons which arise due to the excitations of elec-
tron subsystems, exciton Green’s functions are product
of Pauli or quasi Pauli operators [3-4|. Pauli operators
satisfy the following commutations rules:

[P, Bf] = (1= 2P5P) 6um; P2=(PF)° =0;
[P, Py] = [P, PY] =0. (1.1)
The commutation rules for quasi Pauli operators are still
more complicated and will be not quoted here.
The problems concerned with the calculation and the
use of Paulion Green’s function are the following:

1. Fourier transformation of Pauli operators P, =
ﬁ >, €19 P is not canonical transformation. It

means that operators Pj are not Pauli operators.
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2. In calculations of average value (P, P,) by means
of spectral intensity of Paulion Green’s func-
tion, positive correction proportional to square of
Paulion concentration appears, well known in liter-
ature as spurious error [5].

3. The application of Wick’s theorem to Pauli opera-
tors’ averages is not formulated up to now.

The mentioned arguments degrade Paulion Green’s func-
tions as the method in solving of nonlinear problems.
This is the reason to start with problem of finding the
correct use of Paulion Green’s function, which will be
done in the next section.

Finally we shall determine Green’s functions of the
nanocylinder. These Green’s functions will be used for
determining of dielectric permeability tensor and for find-
ing of nonlinear polarizability tensors of third of fourth
range, in order to find their dependence on configuration
coordinates in the nanocylinder broken symmetry struc-
ture.

2. Correct expression for Paulion
Green’s function

We shall consider here the linear infinite chain of
molecules. The procedure derived for linear chain can be
then extended for two and three dimensional structures.

The excitonic Hamiltonian of an ideal molecular chain,
in the nearest neighbours approximation, can be written
as follows:

Hp = AZP,J[PH — WZP,;L (Poy1 + Pou_1)

—F> PfP, (Pl + P +PF +Po). (21)
n

Paulion Green’s function of the system is defined as:

(738)
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((Pa(t) [P (0))) = 0(t)([Pu(t), P (0)]) . (2.2)
Differentiating Eq. (2.2) with respect to t and using
Fourier time-frequency transformation

“+o0
£(t) = / dwe™ 1 f(w)

o0
we obtain the following equation for Paulion Green’s
function:

(2.3)

(B~ 8) (P |Pf))o = o0 (1~ 2N)

= W [{(Pas1 [P + (Pac1 |P))]
+ 2 (<<P7:rpnpn+1 |P;n,r >>u.)

+ ((PF PPt | P ) — 20

n+1Pn+1Pn |Pn+m >>w

+ <<PJ—1Pn71Pn|Prjz_>>w§ N, = <P+P>- (2.4)

The higher order Green’s function, containing four
Pauli operators, will be decoupled by means of Tyab-
likov approximation [2, 5]

(P (O Pu(t)Pu(t)| P (0)))w & Npo = (P[P )

NpO = <P+P>0 . (25)
Tyablikov’s approximation physically means substitution
of the scattering processes on real potential by the prop-
agation of particles through the soft potential.

After inserting Eq. (2.5) into Eq. (2.4) for Paulion
Green’s function, we have:
ih
E—A){(P,|Pt)), = —
(B~ 4) (Pa | Ph))o = 5

- (1 - 2Np0) w [<<Pn+1 ’P;‘rt >>w + <<Pn71 !Prjz_ >>w]

On,m (1 —2N,)

— 4F Npo((Pn | P ) - (2.6)

Further solving of Eq. (2.6) requires application of non-
-canonical transformation

1 .
Pn _ elknaPk ,
g
which reduces Eq. (2.6) to

ih 1—2N,
<<P|P+>>k,w = %Tp;
e~ —1

(2.7)

Elgl) =A—2Wcosak +4 (W cosak — F) Ny . (2.8)
It should be noticed that correlator of Paulion Green’s
function (2.8) leads to spurious error [5].

We shall not use Paulion Green’s function (2.8) due to
the reasons [1-2] given in the Introduction. Instead, we
shall use equivalent bozon Green’s function, which will
be determined by means of the exact bozon representa-
tion for Pauli operators from [4]. In the considered case
it is sufficient to use this exact representation in the ap-
proximations

P=B-B'BB; Pt=B"-B'B'B;

PTP=B*B—-B"BTBB. (2.9)
Inserting Eq. (2.9) into Eq. (2.6), by means of Wick’s
theorem for bozons we obtain

(1—4Npo) (E — A)((By |B}))w

+ (1= 2N50) W((Bus1 [BY,))

+ (1 =2Npo) W({(Bn_1 |Br—;>>

N %‘W (1—2Np) — 4FNpo((B, |B},))  (2.10)

We note that in Eq. (2.10) squares of bozon concentration
are neglected.

Using Fourier transformation of Bose operator (which
is canonical transformation for bozons), we obtain the fol-
lowing equation for bozon Green’s function ((By|B}))w:

ih 1+ 2Npgg
(Be|Bf o = 5ol (211)
TE-E,
where
E,il) = A —2Wcosak +4 (W cosak — F) Npo (2.12)
The energy of zero approximations is
E}go) = A —2W cosak (2.13)

Now we shall calculate zero order value Npy. Taking
cosak ~ 1 — 2a?k? + L a*k*, we obtain:
1 1

n=1

0 5/2

+ 05/2(0) 1 W) }NB(), (215)

where
4(W-F) & —2
Ciya(6) = (VZ LS e ()2, (2.16)
n=1

Cs/2(0) = WL:F) S e (T2 (2a7)
n=1

Cs/2(0) = w2% 3 e n(F I, (2.18)

Besides, in accordance with Eq. (2.9) we can take
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N, = Ng —2N3,. (2.19)
Multiplying Eq. (2.8) and (2.11) we have
PP )i ((B B ))kw
in 1\
1
= —=——=] (1-2N,)(1+2N
(27TE—EI(CU> ( P)( + BO)
in o1\
1
=|—— 1—2(Npo— N,
(27TE—E](61)> ( ( B0 B)
+ 4 (NEo — NpoNi) + 8N ). (2.20)

It was said that all contributions proportional to N3,
and higher degrees of NE%O are to be neglected in this
analysis, so that we can write Eq. (2.20) as

(PP ) k(BB )k

N (éi,;_}él)) (1-2(Npo—Ng)).  (2.21)

Now we shall estimate the value 2(Npg — Np). Taking
only leading terms in NB and NBO in Eq. (2.10) we have:

Z (A= zw) —1/2

2(Npo — Np) —2

% E e —n( 9 73/2

Since the max1mal achieved exciton concentrations are
of the order 1073 [2| we can take in Eq. (2.22) that
e~ = 1073. This gives the estimation 2(Npo —
Ng) ~ 1076 ~ N2,. Consequently, the term 2(Npg —
Np) in Eq. (2.21) must be neglected and Eq. (2.21) be-

comes

(PP ) ko{(B[BF)kw = <;ZE—1E,§1)> ’

(2.22)

J

N M
H=> ).
n=0m=0 n=0m=1
N M-1
n=0 m=1

m
N M-1
+
+ § P an( nm;n+1,mPn+1’mPn+1,m

n=0 m=1

(P[P ))gw = ((B|B"))kw = (57?1;_1]5,9)

So, the correct use of Paulion Green’s function is:

ih 1
<<P}P+>>kw = (277E—E,(€1)> ;

E,(cl) = A —2Wcosak +4 (W cosak — F) Ny (2.23)
It should be pointed out that this correct use of Paulion
Green’s functions does not lead to spuriours error, and
that gives the correct expression for low temperature
magnetization in the theory of magnetism.

3. Green’s functions of nanocylinder

Nanocylinder will be taken as a set of parallel discs
normal to z axis. Number of discs M is of the order
10. Number N of molecules in disc is also maximally
of the order 10. The discs will be labeled with integer

e (0,M ) The molecules in disc will be labeled with
1nteger n € (0,N) [6].

The boundary conditions are actual along z axis. In
this direction the discs labeled with m = —1 and m =
M + 1 are absent. So the boundary conditions can be
written as:

XmO;n,fl = Xm]\/[;n,MJrl ; Yn,O;mfl = Yn,M;nJVIJrl )

(3.1)

If we assume that one of molecules is excited by energy
quant A, and take into account that interactions between
neighbour molecules in one disc and interaction between
corresponding molecules laying in neighbour discs differ,
the Hamiltonian of nanocylinder we can written in the
nearest neighbours approximation as follows:

Zn,O;n,fl = Zn,]\/[;n,M+1 .

AP»,Tman + Z Z (Xn7m;n+l7m + Xn,m;nfLm + Xmm;n,erl + Xn,m;n,mfl)Prj_man

( n,m nmn+1mpn+1m+}/nmn 1mPn 1m+Ynmnm+1an+l+Ynmnm 1an 1)

+ +
+ Zn,m;n—l,mpnfl’mpn—l,m + Zn,m;n,m+1pn’m+1pn,7n+1 + Zn,m,;n,m 1Pn m— 1Pn,m—1)

N N

+ +
+ E Xn,0m1 B, 0Pno0 — E (Pn,OYn,O;n+1,OPn+1,O +Yn0n—1,0Pn-1,0 + YmO;O,an,l)

n=0 n=0
N

+ Z Pq:b‘—oPnO <Zn,0;n+1,0P:+1’0Pn+1,0 + Zn,O;n—l,OP;ll’QPn—l,O + Zn,O;n,lqu’an,l)

n=0
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N
+ E Xo M, m-1P)
n=0
N

N
MPmM_Z(PnMY
n=0

741

nMin+1,MPnt1,00 + Yo Min—1,MPr—1,m + Yn,M;n,M—1Pn,M—1)

+ Z PT_L‘—MP’ILM (Zn,M;n+l,MPn+1 jwpn+1,JW + Zn,M;n—l,]VIP;__17]V[Pn—1,M + Zn,M;n,M—lPIM_lpn,M—l) . (32)

n=0

In this Hamiltonian A ~ 5 €V is the energy of excitation
of an isolated molecule [7-9], while X, Y, and Z are
matrix elements of the dipole-dipole interaction which
are two orders of magnitude less than A. The terms
proportional to Z characterize dynamical interaction of
excitons.

It is important to note that system of molecules in
disc is cyclically invariant. It means that for arbitrary
physical characteristic F' the following is valid:

Frn=Foiny)- (3:3)
For further evaluation it is important to point out the
cyclic rules Py (n41) = Py and el®n = elak(nt(N+1),
wherefrom e!?*("+1) = 1. The last means that k = J%:_”l,

where v is an integer. On this basis, Kronecker symbol
can be expressed in terms of plane waves:

H=3Y ant,

n=0m=1
N M-1
+ZZ{ C"'RPJF nm_D(anPn+1,m+
n=0 m=1
N —1
Z |:FP an(Pn+1mPn+1m+P7:ll
n=0 m=1

N

mPnfl,m) + L-ij_,m

(

. N
Opg = ——
kg N+17§e

if k=gq

1
=9 1_ciatk—a)(n+1) .
{ W = 0 lf k # q
allowing that the system of disc molecules can be treated
as an ideal structure.

ia(k—q)n

(3.4)

Introducing notations

Xn,m;n:l:l,m = C; Yn,m;n:ﬁ:l,m = —D§

Xn,m;n,mil = R7 Yn,m;n,mil = _S;

Zn,m;nil,m = _F§ Zn,m;n,mil = _La (35)

we can write the Hamiltonian (3.2) as

P P, 1,m)_S(P an-l—l"'P an—l)]

n,m

,m n,m

Pn,m (PJeran,mqtl + Pn m— 1Pn,m71) }

+C Z PioPao = Y (PHoDPusio+ DPa1o+ RPoy )

n=0

X palrr

n=0

noPutio + PPy oPa-1o + LB Pas )

N
Sy (P arDPusaat + DPoiar + RPons 1 )
n=0 n=0

N
+ ZP;MPmM(FPnH P +FBE
n=0

Paulion Green’s function will be denoted as:
) =0t —t") ([Pam(t). Py ]

B P ) - (3.7)
It will be determined by standard Green’s function solv-
ing procedure, although all problems pointed out in in-
troduction stay opened.

Fn,m;n’,m’ (t7

Pn—l,M + LP;:

Mflpn,M—1>- (36)

(

Differentiating Eq. (3.7) with respect to ¢, taking into
account equations of motion, and using transformation
Fn,m;n’m’ (w)

ei(”_"/)”'ymm/ (w,v), (3.8)

T N+1
with
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2my

N1
we obtain the following system of three difference equa-
tion [10]:

Ty

(3.9)

S (7m+1,m + ’mel,m) + PYm,m’

ih
= L (1 — ZNP) 6m,m’ 3

1<m<M-1
21

(3.10)
St + (p+ R — LNpo) Yo
in
= L (1 — 2Np) 5m,m’ 3

= =0
2w mn

(3.11)

S"YM—l,m/ + (P + R - LNPO) 'YM,m/

= ﬂ (1 — 2Np) 6M,m’ 3

=M
2 m ’

(3.12)
where
S =5(1—-2Np);

D=D(1-2Np);
p=E—A—2D—2R+2DcosTy;
(Byr o Brm)® = Npo ~ (P, Pam)® = Npo;

<B;f’mBn$m) = Np.
By the substitution

Ym,m/ (wa V) = Z As (m/’ v, (.d) A(m) )

where

(3.13)

(3.14)

R — LNpg
S (1—2Npy)
and parameter ¢, satisfy the equation:

A(m) = sin(m+1) ¢, — sinmep,, (3.15)

sin (M +2) g, — 2
R — LNpg
_— d

{S (1 —2Npo) (3.16)

the system of Eq. (3.10-3.12) reduces into one unique
equation:

Z (25 Cos Y, + p) Ay (m' w,v) T, (m)

g

2
] sin My, =0,

ih
= 17 (1 + 2N305m,m') P

=5 m,m’ € (0,1,2,...,N).

(3.17)
Parameter ¢, have real solutions of the Eq. (3.16), lay-
ing in the interval (0,7). Parameter ¢, may not have
values m = 0 or m = M, since in these cases the Green’s
function becomes v = 0. Also, in the system the au-
toreduction process takes place. It means, that m takes
m + 1 values for m values of ¢. It means that we must
in principle solve two problems: one problem is related
to the subsystem of m € (0,30) and the second problem
is related to the subsystem m € (1,31).

Taking that

Ay (m' v,w) = x (w,v) &, (M), (3.18)

and

> Ag (@, 1) B (M) = 0nm,
since xo(w) = ((P*|P)), we can finally write the expres-
sion for Fourier image of the Paulion Green’s function:

(3.19)

ih 1 —2Np
<<P‘P+>>U,w = o o () (3~20)
E—E;
where
EM = A4+2C 4 2R —2D (1 —2Npo)cosT,
—25(1 —2Npo)cosp, —4(F+L)Npo.  (3.21)

Now we shall look for bozon Green’s function of the
nanocylinder. This bozon Green’s function is given by:

Gn,m;n’,m’ (t’ t/) =0 (t - t/) <[Bn,m(t)a B:’,m’b

= <<Bn,m(t)|B:/,m’>>' (3'22)
By inserting Eq. (2.9) into Eq. (3.7), by absolutely
same procedure we can determine the bozon Green’s
function:

ih 142N
<<B ’B+>>U,w = 277(5;;) (323)
TE—-E;
Multiplying Eq. (3.23) and (3.20) we obtain:
(P [PT N rol(B BT )k
ih 1 ’
i
ih 1 ’
i
= | 1—-2(Npo— N
<2WE_E](€1>> ( (Npo = Ni)
+ 4 (N3 — NpoNg) + 8Ng0> : (3.24)

In the first section it was demonstrated that all terms
added to unit on the right hand side of the Eq. (3.24)
are of the order N3, i.e. of the order 107¢. This is
the reason to neglect all these terms. It means that
((P|P™))6.w({B|B*))sw reduces to

<<P\P+>>U,w<<BrB+>>g,w=(m !

2
o E—E((Tl)) . (3.25)
It means that Paulion Green’s function, which enters di-
electric permeability and nonlinear polarizability tensor,
is given by the Eq. (3.25).

4. Dielectric polarization of crystal

The dielectric permeability tensor €,3(k,w) represents
the relation between vacuum electrical field and its im-
ages in the material medium induction vector D. In
Fourier components this relation is given by the equa-
tion

Di (k?, w) = €ap (k,w) E]‘ (k:,w) . (41)
In accordance with Einstein convention, repeated index
means summation. The system of Maxwell’s equations,
where weak external currents are present and external
charges are absent, can be written as follows:
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kx B(kw) = =D (kw) + —j (kw), (42)
kxD(k,w) =0, (4.3)
kx E (k,w) = %B (k,w), (4.4)
kx B (k,w)=0. (4.5)

Since external charges are equal to zero the following con-
ditions are valid:

k-D(k,w) =k B(k,w) =0

If we use Lorentz calibration of vector potential A(k,w),
we obtain equations:

B (k,w) = rot A (k,w) (4.6)
E (k,w) = JW. (4.7)

By combining Maxwell’s Eq. (4.2), (4.4), and (4.1) with
Eq. (4.7) we obtain
E (k,w) = %“’A(k,w). (4.8)

Then we obtain the following relation between the vector
potential and the external forces:

Aus (yw0) A (Fy0) = %j&xt (k). (4.9)

Consequently, the explicit relation for the vector poten-
tial components is [2]:
2

Aug (k,w) = K200 — kaks — —ap (kyw),  (4.10)
c
and
4m —1 -ext
Ag (k,w) = —ALs (k,w) i< (k,w) . (4.11)
o “a

This phenomenological value will be equated with the
non-equilibrium mean value vector potential. The inter-
action of the vector potential with the external currents
is defined as follows. The non-equilibrium mean value
vector potential we shall calculate by using S matrix of
the system, i.e.:

(Ag (r,1)), = (Te T /7< dWWE)

" 400 / ’
X Ag (r,t) Tetn J2< W .
In linear approximation in j,

-equilibrium value of vector potential.

(4.12)
we obtain non-

Vector potential has not physical sense. It is only
useful mathematical element of the theory. That is the
reason for going over of vector potential components to
components of electrical field, since electrical field com-
ponents are measurable. The final connecting of phe-
nomenological electromagnetic field and micro character-
istic of physical medium is given by formula [11-12]:

c? c® a°E, (k) E (k
ALh (kyw) = ——0ap +i—5—— = (42 s (k)

x |GR (k,w) + G (k,w) |, (4.13)

where A,p(k,w) is given by Eq. (4.10).
The obtained relation is complicated for analysis, so
in practice it is used in homogenous approximation and

with neglecting of space dispersion [12]. Then general
Eq. (4.13) can be written in the form:

E;Bl (k,w)

a’E (k) 1 B 1
87Thw Lk) 1+Lk)

w w

=1+ (4.14)
1—

Retarded Green’s function G®(v,w) is given by formula

iM!I/[,m@Jm’
S Folm (o)

2 w— w1

GR(v,w) = (4.15)
o=1
Advanced Green’s function G*(v,w) can be obtain from

Eq. (4.15) by inversion w — —w. Consequently

i &L v (m)d, (m'
Z()()_

% = W+ w1
Putting Eq. (4.15) and (4.16) into Eq. (4.14) we obtain

2 M
a*E?(k) Z @, (m) @, (m)

GAv,w) = (4.16)

1 _
Eozﬂ (k,(U) —1+87T7M

1 1
I oem T e ) |

The obtained result points out that dielectric permeabil-
ity € of the nanocylinder depends on the configuration
variables m i m’, and this is the main difference com-
pared to permeability of the ideal structure. With suit-
able choice of the functions ¥ and &, we can influence
the magnitude of permeability.

Ending these analyzes, we should say that after con-
struction of the high-power lasers it was registered that
material equation is not linear relation between vectors
D and E. Vector D is infinite series containing products
of electrical fields components. The coefficient of this se-
ries is called tensor of nonlinear polarizability. Relation
D, = eq3E3 is only first term of the series [12]

D, =eapls +eapyEalsy + capysEalpys + ...

(4.17)

The tensors €,3y and €445 are so called nonlinear po-
larizability tensors. In the last formula, as well as in all
formulas of this section, repeated index denotes a sum-
mation.

5. Conclusion

Nanostructures are physical objects of great potential
practical interest. Here we investigated what could be
expected from nanocylinders in the linear and nonlinear
optics.

Dielectric properties of nanocylinder of finite length
were therefore analyzed. Defining the correct value of
Paulion Green’s functions, we determined dielectric per-
meability of the nanocylinder in z-direction, and found
that it depends on configuration coordinates. The ex-
pressions for transformation functions ¥ and @ give pos-
sibility to change behaviour of the nanocylinder polariz-
ability.
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It was expected that boundary conditions make higher
refractive and absorptive characteristics of the nanocylin-
der, but this was not possible because Paulion Green’s
function is not proportional to the exciton concentration.
Although negative, this conclusion represents the main
result of our analysis.
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